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It has been believed that the superinsulating state which is the low-temperature charge Berezinskii-Kosterlitz-
Thouless (BKT) phase can exist only in two dimensions. We develop a general gauge description of the su-
perinsulating state and the related deconfinement transition of Cooper pairs and predict the existence of the
superinsulating state in three dimensions (3d). We find that 3d superinsulators exhibit Vogel-Fulcher-Tammann
(VFT) critical behavior at the phase transition. This is the 3d string analogue of the Berezinski-Kosterlitz-
Thouless (BKT) criticality for logarithmically and linearly interacting point particles in 2d. Our results show
that singular exponential scaling behaviors of the BKT type are generic for phase transitions associated with the
condensation of topological excitations.
INTRODUCTION
The superinsulating state, having infinite resistance at fi-
nite temperatures [1–5] is the state dual to superconductiv-
ity, endowed with a finite temperature infinite conductance.
Originally [1, 2], the emergence of superinsulation was at-
tributed to logarithmic Coulomb interactions in two spatial di-
mensions (2d) arising from the dimensional reduction of the
effective Coulomb interactions due to the divergence of the
dielectric constant ε [3, 4] near the superconductor-insulator
transition (SIT) [6–12] in disordered superconductingfilms. A
more recent approach [13] based on the condensation of mag-
netic monopoles [14], however, derived superinsulation as a
result of the linear confinement of Cooper pairs by electric
strings [15, 16], which are the S-dual of Abrikosov vortices in
superconductors [15, 17, 18]. This offers a more general view
of superinsulation as a phenomenon that is not specific to two
dimensions but can also exist in 3d systems.
This immediately poses a question about the experimen-
tal effect that could serve as a hallmark of superinsulation
and that could, at the same time, unequivocally discriminate
between the 3d and 2d superinsulators, exposing the linear
nature of the underlying confinement. In disordered super-
conducting films that host superinsulating state at the insu-
lating side of the superconductor-insulator transition (SIT),
it is the charge Berezinskii-Kosterlitz-Thouless (BKT) tran-
sition [19–22] that marks the emergence of the superinsulat-
ing state [3, 4] and which was detected experimentally [5]
by the BKT critical behavior [23] of the conductance G ∝
exp[−b/√|T/TCBKT − 1|], where TCBKT is the temperature of the
charge BKT transition and b is a constant of order unity. This
suggests that it is the conductance critical behavior that pro-
vides the criterion for identifying the superinsulating state.
The BKT critical scaling of the conductance follows from
the exponential critical scaling of the correlation length [23]
ξ± ∝ exp
[
b±√|T/Tc − 1|
]
, (1)
where ± subscript labels T > Tc and T < Tc regions re-
spectively, and ξ− is interpreted as the maximum size of the
bound charge-anticharge pair. It is known [24] that, in two
dimensions, both logarithmic and linear confinement lead to
the BKT critical scaling, so we use the notation Tc for ei-
ther the BKT or deconfinement transition temperature. Our
goal is now to reveal how the deconfinement scaling of Eq. (1)
evolves in 3d systems. We show below that, in 3d, the critical
behaviour of superinsulators is modified to the Vogel-Fulcher-
Tammann (VFT) critical form [25]
ξ± ∝ exp
(
b′±
|T/Tc − 1|
)
. (2)
This behaviour is characteristic of the one-dimensional con-
fining strings in 3d, where the world-surface elements interact
logarithmically as particles in 2d. The VFT scaling is typical
of glassy systems and has recently been derived [26] for the
3d XY model with quenched disorder. Here we show that it
arises naturally, without assuming any disorder, for confining
strings and is thus a signature for 3d superinsulators.
CONFINING STRINGS
The electromagnetic effective action of a superinsulator is
given by [13] S SI ∝ ∑x,µ,ν[1 − cos(2eℓ2Fµν)], where {x} rep-
resent the sites a d-dimensional lattice, ℓ is the corresponding
lattice spacing, e is the electron charge, and Fµν is the elec-
tromagnetic field strength. This is Polyakov’s compact QED
action [15, 16]: hence the conclusion [13] that, in superinsu-
lators, Cooper pair dipoles are bound together into neutral
“mesons” by Polyakov’s confining strings [27]. These strings
have an action which is induced by coupling their world-sheet
elements to a massive Kalb-Ramond tensor gauge field [28].
They can be explicitly derived for compact QED [29], the in-
duced electromagnetic action for the superinsulator [13] and
for Abelian-projected SU(2) [30, 31]. Their world-sheet for-
mulation is thus in term of a non-local, long-range interaction
between surface elements [32]. Best suited to derive physical
and geometric properties of these strings, however is the cor-
responding derivative expansion truncated to a certain level
2n [33] (we use natural units c = 1, ~ = 1),
S=
∫
d2ξ
√
ggabDaxµVn(D2)Dbxµ ,
Vn(D2)= tΛ2 +
2n∑
k=1
ck
Λ2k−2
(D2)k , (3)
where Da are the covariant derivatives with respect to the in-
duced metric gab = ∂axµ∂bxµ on the world-sheet x(ξ0, ξ1) em-
bedded in D = d + 1-dimensional Euclidean space-time and g
is the metric determinant. Vn(D2) expresses the level-n trun-
cated derivative expansion of the non-local interaction on the
world-sheet, with λ being the fundamental ultraviolet (UV)
cutoff mass scale. The first term in the bracket provides the
bare surface tension 2t. The numerical coefficients ck are al-
ternating in the sign [32] so that the stable truncation must end
with an even k = 2n. In particular, the second coefficient is
the stiffness parameter accounting for the string rigidity. In
confining strings it is actually negative. The string is stabi-
lized by the last term in the truncation which generates a string
tension ∝ Λ2/c2n taking control of the fluctuations where the
orientational correlations die off and leads to long range cor-
relations, thus avoiding the crumpling affecting most string
models [34]. For example, in the simplest version with n = 1,
the third term in the derivative expansion, the string hyperfine
structure, contains the square of the gradient of the extrinsic
curvature matrices and it suppresses the formation of spikes
on the world-sheet.
In a general model, the parameters ck are free: the only
condition that must be imposed on them is the absence of
both tachyons and ghosts in the theory. This requires that
the Fourier transform Vn
(
p2
)
has no zeros on the real p2-
axis. The polynomial Vn
(
p2
)
thus has n pairs of complex-
conjugate zeros in the complex p2-plane. The associated mass
scales represent the n string resonances determining the string
structure on finer and finer scales, the first resonance being
the hyperfine structure. Increasing n amounts thus to measur-
ing the string on ever finer scales. To simplify computations
one can set all coefficients with odd k to zero, c2m+1 = 0 for
0 ≤ m ≤ n − 1. This, however, is no drastic restriction since,
as was shown in [34], this is their value at the infrared-stable
fixed point anyhow. Of course, when deriving the confining
string from compact QED, all coefficients ck are fixed in terms
of the only two dimensionless parameters available, e/Λ2−D/2,
with e the QED coupling constant, and the monopole fugacity
z2. In particular [32]
t =
z2
4(2π)D/2−1
τD/2−2KD/2−2(τ) , (4)
where τ = Λ2−D/2z/e.
In the followingwe will consider the confining string model
at finite temperatures in the large D approximation. In [33]
it was shown that the high temperature limit behaviour of
confining strings matches the expected high-temperature be-
haviour of large N QCD [35]. Here we will, instead, concen-
trate on the critical behaviour at the deconfinement transition,
where the renormalised string tension vanishes and strings be-
come infinitely long on the cutoff scale.
FINITE TEMPERATURE BEHAVIOUR
Following [36, 37], we introduce a Lagrange multiplier λab
that forces the induced metric ∂axµ∂bxµ to be equal to the in-
trinsic metric gab. The action becomes thus
S → S +
∫
d2ξ
√
g
[
Λ
2λab(∂axµ∂bxµ − gab)
]
. (5)
We then parametrize the world-sheet in a Gauss map by
xµ(ξ) = (ξ0, ξ1, φ
i(ξ)), i = 2, ...,D−2. ξ0 is taken as a periodic
coordinate satisfying −β/2 ≤ ξ0 ≤ β/2, with β = 1/T and T
the temperature, while −R/2 ≤ ξ1 ≤ R/2, R being the string
length. Finally, the φi(ξ) describe the D − 2 transverse fluctu-
ations. We will be looking for a saddle-point solution with a
diagonal metric gab = diag (ρ0, ρ1), and a Lagrange multiplier
of the form λab = diag (λ0/ρ0, λ1/ρ1). With this Ansatz the
action becomes the combination of a tree-level contribution
S 0 and a fluctuations contribution S 1,
S= S 0 + S 1
S 0= Aext Λ
2 √ρ0ρ1 [ t
(
ρ0 + ρ1
ρ0ρ1
)
+ λ0
(
1 − ρ0
ρ0
)
+ λ1
(
1 − ρ1
ρ1
)
] ,
S 1=
∫
d2ξ
√
g
[
gab∂aφ
iVn(D2)∂bφi + Λ2λab∂aφi∂bφi
]
, (6)
with βR = Aext the extrinsic area in coordinate space. Inte-
grating over the transverse fluctuations in the limit R→ ∞ we
get
S 1 =
D − 2
2
R
√
ρ1
+∞∑
l=−∞
∫
dp1
2π
ln
[
(p21λ1 + ω
2
l λ0)Λ
2
+ p2Vn(p
2)
]
,
(7)
where p2 = p2
1
+ ω2
l
, and ωl =
2π
β
√
ρ0
l.
We will now focus on temperatures such that
c2n
Λ4n−2
1
β4n
≫ Λ2t +
2n−1∑
k=1
ck
Λ2k−2
1
β2k
. (8)
In this case the highest-order term in the derivative expansion
dominates the one-loop term S 1 when l , 0. This l , 0 contri-
bution can be computed by using analytic regularization and
analytic continuation of the expression
∑∞
n=1 n
−z
= ζ(z) for the
Riemann zeta function, with ζ(−1) = −1/12,
D − 2
2
R
√
ρ1
+∞∑
l=−∞
∫
dp1
2π
ln
c2n
Λ4n−2
(
ω2l + p
2
1
)2n+1
=
D − 2
2
√
ρ1
ρ0
(2n + 1)4π
R
β
+∞∑
l=1
√
l2 (9)
= −D − 2
2
√
ρ1
ρ0
(2n + 1)π
3
R
β
. (10)
3The calculation of the l = 0 contribution
S 1 =
D − 2
2
R
√
ρ1
∫
dp1
2π
ln
(
p21V¯n(p
2
1)
)
, (11)
with
V¯n(p
2
1) =
Λ2(t + λ1) +
2n∑
k=1
ck
Λ2k−2
p2k1
 , (12)
requires a bit more care. Since we have chosen all ck = 0 for
all odd k and we have imposed the physical requirement that
the model is ghost- and tachyon-free, all pairs of complex-
conjugate zeros of V¯n
(
p2
1
)
lie on the imaginary axis and we
can represent [34] V¯n
(
p2
1
)
as
Λ
4n−2
c2n
V¯n
(
p21
)
=
n∏
k=1
(
p41 + α
2
kΛ
4
)
, (13)
with purely numerical coefficients αk. Using again an analytic
regularization and the analytic continuation of the Riemann
zeta function we obtain
S 1=
D − 2
2
R
√
ρ1
n∑
k=1
∫
dp1
2π
ln
(
p41 + α
2
kΛ
4
)
=
D − 2
2
R
√
ρ1
n∑
k=1
∫
dp1
2π
2Re ln
(
p41 + iαkΛ
2
)
=
D − 2
2
R
√
ρ1
n∑
k=1
Λ
√
2αk . (14)
Summing finally the l = 0 and the l , 0 contributionwe obtain
the full action
S = S 0 +
D − 2
2
R
√
ρ1

n∑
k=1
Λ
√
2αk −
(2n + 1)π
3
√
ρ0
1
β
 . (15)
The coefficients in the representation (13) are not entirely
free. Indeed, in order to match (12), the p1-independent term
must satisfy
n∏
k=1
α2kΛ
4
=
Λ
4n
c2n
(t + λ1) . (16)
For simplicity’s sake we shall also assume that all αk are
equal, implying essentially that there is a unique resonance
that determines the fine details of the string oscillations. Then
(16) implies:
α2k = (t + λ1)
1/nα2 , α =
(
1
c2n
)1/2n
. (17)
Since the fluctuations contribution S 1 is proportional to (D −
2), it is forced onto its ground state in the large D limit. In
this limit the metric components ρ0 and ρ1 and the Lagrange
multipliers λ0 and λ1 take on their classical values obtained
by setting the respective derivatives of the total action to zero.
This gives the four large-D gap equations
1 − ρ0
ρ0
= 0 , (18)
1
ρ1
= 1 − D − 2
2
1
4βΛ
√
2α(λ1 + t)
1/4n−1 , (19)
[
1
2
(t − λ1) +
1
2ρ1
(λ1 + t) − t − λ0
]
+
D − 2
2
(2n + 1)π
6β2Λ2
= 0 ,(20)
(t − λ1) −
1
ρ1
(λ1 + t) +
+
D − 2
2
1
βΛ
[√
2α n (λ1 + t)
1/4n − π(2n + 1)
3βΛ
]
= 0 . (21)
Inserting (21) and (18) into (15) and using ρ0 = 1 from (18)
we obtain the action in the form
S = Aext T , (22)
with T = Λ22(λ1 + t)/√ρ1 = T0/√ρ1 representing the
renormalized string tension, expressed in terms of the zero-
temperature renormalized string tension T0. Eq. (19) for the
spatial metric can be reformulated in the limit n→ ∞ as
1
ρ1
= 1 − D − 2
2
T
√
2αΛ
4
1
(λ1 + t)Λ2
, (23)
From here we recognize that the renormalization of the string
requires taking the simultaneous limits (λ1+t)→ 0,
√
2α→ 0
and Λ → ∞ so that (λ1 + t)Λ2 and
√
2αΛ are finite. In this
case both the ρ1 metric element and the renormalized string
tension acquire finite values. The scale
√
2αΛ represents the
renormalized mass M of the string resonance that determines,
together withT0 all physical properties of the string. In partic-
ular, the finite temperature deconfinement critical behaviour is
obtained as the limit (λ1 + t) → 0. In this limit the strings be-
come infinitely long on the scale of the cutoff and the particles
at their ends are liberated. The critical behaviour is embod-
ied by the behaviour of the (dimensionless) correlation length
ξ = 1/
√
λ1 + t near the critical temperature.
CRITICAL BEHAVIOUR
In order to study the critical behaviour we derive the gap
equation for (λ1 + t) alone, by substituting (19) into (21). This
gives
(λ1+t)−
D − 2
2
4n + 1
8βΛ
√
2α (λ1 + t)
1
4n+
D − 2
2
2n + 1
6
π
β2Λ2
−t = 0 .
(24)
For (λ1 + t) ≪ 1 the first term can be neglected with respect
to the second for large n ≫ 1, which gives
4n
√
2α(λ1 + t)
1
4n = n
8π
3
T
Λ
− 2
D − 2
8tΛ
T
. (25)
4Dividing by
√
2α and subtracting on both sides of the equation
a term 4n we obtain
4n
[
(λ1 + t)
1
4n − 1
]
=
8πn
3
T
M
[
1 − 3
(D − 2)π
ϑ
T 2
− 3
2π
M
T
]
,
(26)
where ϑ = 2tΛ2/n is the bare string tension divided by n. The
expression in square brackets on the right hand side can be
formulated as[
1 − 3
(D − 2)π
ϑ
T 2
− 3
2π
M
T
]
=
(
1 − T+
T
) (
1 +
T
T
)
, (27)
where
T± =
4
(D − 2)
ϑ
M
1
∓1 +
√
1 + 16π
3(D−2)
ϑ
M2
. (28)
From here we read off the critical deconfinement temperature
as Tc = T+. As expected it is determined by a combination of
the two mass scales
√
ϑ and M in the model. Expanding the
left-hand side of (26) around this critical temperature we get
4n
[
(λ1 + t)
1
4n − 1
]
=
8π
3
[
1 +
(
T
T
)] (−n∆T
M
)
− O
(
n∆T 2
)
,
(29)
where ∆T = Tc − T . Taking the limit n → ∞, one obtains
on the left-hand side ln(λ1 + t). The right-hand side, however,
requires more care. Clearly, we recognize immediately that
increasing n → ∞ drives the string to its critical point ∆T =
0. To establish in detail how this occurs, however, we must
resort to the behaviour (4) of the bare string tension. For the
relevant regime of small τ (strong coupling and low monopole
fugacity) the quantity ϑ appearing in the equations above is
given by
ϑD=3=
ze
8
Λ
3
2
n
,
ϑD=4=
z2
4π
ln
(
2e
z
)
Λ
2
n
, (30)
The zero-temperature fixed point being given by ℓ = 1/Λ = 0,
this show that n must scale as n ∝ ℓ−3/2 for D = 3 and n ∝ ℓ−2
for D = 4 in the approach to a fixed point. Correspondingly,
we have n ∝ (∆T )−3/2 for D = 3 and n ∝ (∆T )−2 for D = 4
when approaching the finite temperature critical point. There-
fore the gap equation
ln(λ1 + t) =
8π
3
[
1 +
(
T
T
)]
limn→∞
(−n∆T
M
)
+ . . . , (31)
leads directly to the critical scaling behaviours given by
Eq. (1) and Eq. (2) when approaching the deconfinement tran-
sition from below, reproducing thus the BKT criticality pre-
dicted in d = 2 by the Svetitsky-Yaffe conjecture [24] and the
VFT criticality of the deconfinement transition in d = 3.
Remarkably, exactly this 3d-like signature has been re-
cently observed [38] for the finite temperature insulating
phase in InO disordered films, in which the thickness is much
larger than the superconducting coherence length. While it
seems premature to view this result as a conclusive evidence,
yet one can view it as a possible indication of linear con-
finement in 3d superinsulators. Another important corollary
of our results is that the disorder strength in disordered su-
perconducting films plays the role of a parameter tuning the
strength of the Coulomb interactions but that disorder in itself
is irrelevant for the nature of the various phases around the
SIT. Finally, an important and deep implication of our find-
ings is that, since the VFT behavior of Eq. (2) is recognized
as heralding glassy behavior, our results suggest that, in 3d,
topological defects endowed with long range interactions gen-
erate a glassy state without any quenched disorder. Note that
the VFT behavior in 3d superinsulators arises as characteris-
tic of the deconfinement transition of a strongly interacting
gauge theory. The putative glassy behavior below this tran-
sition heralds the formation of a quantum glass arising due
to the condensation and entanglement of extended string-like
topological excitations.
Acknowledgments
M. C. D. thanks CERN, where she completed this work,
for kind hospitality. The work at Argonne (V.M.V.) was sup-
ported by the U.S. Department of Energy, Office of Science,
Materials Sciences and Engineering Division.
[1] M. C.Diamantini, P. Sodano, C.A. Trugenberger, Gauge theo-
ries of Josephson junction arrays. Nuclear Physics B 474, 641
– 677 (1996).
[2] A. Kra¨mer, S. Doniach, Superinsulator phase of two-
dimensional superconductors. Phys. Rev. Lett. 81, 3523 –
3527 (1998).
[3] ,V.M.Vinokur, et al. Superinsulator and quantum synchroniza-
tion. Nature 452, 613 – 615 (2008).
[4] T. I. Baturina, V.M. Vinokur, Superinsulator-superconductor
duality in two dimensions. Ann. Phys. 331 236 – 257 (2013).
[5] A.Mironov et al. Charge Berezinskii-Kosterlitz-Thouless tran-
sition in superconducting NbTiN films. Scient. Rep. 8 4082
(2018).
[6] K. B. Efetov, Phase transition in granulated superconductors.
Sov. Phys. JETP 51, 1015 – 1022 (1980).
[7] D. Haviland, Y. Liu, A. Goldman, Onset of superconductivity in
the two-dimensional limit. Phys. Rev. Lett. 62, 2180 – 2183
(1989).
[8] A. Hebard, M. A. Paalanen, Magnetic-field-tuned
superconductor-insulator transition in two-dimensional
films. Phys. Rev. Lett. 65, 927 – 930 (1990).
[9] M. P.A. Fisher, G.Grinstein, S.M.Girvin, Presence of quan-
tum diffusion in two dimensions: Universal resistance at the
superconductor-insulator transition. Phys. Rev. Lett. 64, 587 –
590 (1990).
[10] M. P.A. Fisher, Quantum Phase Transitions in Disordered Two-
Dimensional Superconductors. Phys. Rev. Lett. 65, 923 – 926
(1990).
5[11] R. Fazio, G. Scho¨n, Charge and Vortex Dynamics in Arrays of
Tunnel Junctions. Physical Review B, 43, 5307 – 5320 (1991).
[12] A.,M. Goldman, Superconductor-Insulator Transitions. Int. J.
Mod. Phys. B24, 4081 – 4101 (2010).
[13] M.C.Diamantini, C. A. Trugenberger, V.M. Vinokur, Confine-
ment and asymptotic freedom with Cooper pairs, submitted for
publication.
[14] P.Goddard, D. I. Olive, Magnetic monopoles in gauge field the-
ories. Rep. Prog. Phys. 41 1357 (1978).
[15] A.M. Polyakov, Compact gauge fields and the infrared catas-
trophe. Phys. Lett. 59 82-84 (1975).
[16] A.M. Polyakov, Gauge Fields and Strings. Harwood Academic
Publisher, Chur (Switzerland) (1987).
[17] S.Mandelstam, Vortices and quark confinement in non-Abelian
gauge theories. Phys. Rep. 23 245-249 (1976).
[18] G. ’t Hooft, in High Energy Physics. Zichichi, A. ed., Editrice
Compositori, Bologna (1976).
[19] V. L. Berezinskii, Destruction of long-range order in one-
dimensional and two-dimensional systems having a continuous
symmetry group I. Classical systems. Sov. Phys.–JETP 32 493–
500 (1970).
[20] V. L. Berezinskii, Zh. Eksp. Theor. Fiz. 61, 1144 (1971). (Sov.
Phys.– JETP, 34, 610-616 (1971)).
[21] J.M.Kosterlitz, D. J. Thouless, Long range order and metasta-
bility in two dimensional solids and superfluids. (Application of
dislocation theory). Journal of Physics C: Solid State Physics,
5, L124 (1972).
[22] J.M.Kosterlitz, D. J. Thouless, Ordering, metastability and
phase transitions in two-dimensioal systems. J. Phys. C: Solid
State Phys. 6 1181–1203 (1973).
[23] J.M.Kosterlitz, The critical properties of the two-dimensional
xy model. J. Phys. C: Solid State Phys. 7, 1046 (1974).
[24] B. Svetitsky, L.G.Yaffe, Critical behavior at finite tempera-
ture confinement transitions. Nucl. Phys. B210 [FS6] 423-447
(1982).
[25] P.W.Anderson, Lectures on amorphous systems; Les Houches,
Session XXXI, 1978, Balian, R. et al. eds., North Holland, Am-
sterdam (1978).
[26] M. G.Vasin, V. N. Ryzhov, V.M.Vinokur, Berezinskii-
Kosterlitz-Thouless and Vogel-Fulcher-Tammann criticality in
XY model. arXiv:1712.00757 (2017).
[27] A. Polyakov, Confining Strings. Nucl. Phys. B486 23-33
(1997).
[28] M. Kalb, P.Ramond, Classical Direct Interstring Action. Phys.
Rev. D9 2273 2284 (1974).
[29] M. C.Diamantini, F. Quevedo, C.A. Trugenberger, Confining
Strings with Topological Term. Phys. Lett. B396 115-121
(1997).
[30] D. Antonov, Gluodynamics string as a low-energy limit of the
universal confining string. Phys. Lett. B427 274 (1998).
[31] D. Antonov, D. Ebert, String representation of field correlators
in the SU(3) gluodynamics. Phys. Lett. B444 208 (1998).
[32] M. C.Diamantini, C. A. Trugenberger, Surfaces with long-
range correlators from non-critical strings. Phys. Lett. B421
196-202 (1998).
[33] M. C.Diamantini, C. A. Trugenberger, Confining strings at high
temperature. JHEP 0204:032 (2002).
[34] M. C.Diamantini, H.Kleinert, C. A. Trugenberger, Strings with
negative stiffness and hyperfine structure. Phys. Rev. Lett. 82
267-270 (1999).
[35] J. Polchinski, Z. Yang, High-temperature partition function of
the rigid string. Phys. Rev. D46 3667 (1992).
[36] H. Kleinert, Spontaneous generation of string tension and quark
potential. Phys. Rev. Lett. 58 1915 (1987).
[37] F. David, E. Guitter, E. Rigid random surfaces at large d. Nucl.
Phys. B295 [FS21] 332-362 (1988).
[38] M. Ovadia, et al. Evidence for a finite-temperature insulator.
Scientific Reports 5 13503 (2015).
